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Abstract. Under the framework of G-expectation and G-Brownian 
motion, We have introduced a Ito's integral for stochastic processes 
without the condition of quasi-continuous. We then can obtain Ito's 
integral on stopping time interval. This formulation help us to ob- 
tain Ito's formula for a general G^'^-function, which generalizes the 
previous results of Peng |15[|TB1IT5] and it's improved version of Gao 

1 Introduction 

G-Brownian motion is a continuous process {Bt)t>o defined on a sublinear ex- 
pectation space (ri,?^,]E) (see Definition 12. 1[) with stable and independent in- 
crements. It was proved that each increment X = Bt+s — Bt of B is G-normal 
distributed, namely 

aX + bX = Va^ + PX, for a, 6 > 0, 

where X is an independent copy of X. A new type of stochastic integral and 
the related Ito's calculus has been introduced in [151 [TH [18] . For example, if ip 
is a G^-function such that (pxx {x) satisfies polynomial growth function, then we 
have ^ ^ 

ip{Bt)~ip{Bt,)^ I pABs)dBs + l [ pxABs)d{B)^. (1) 

J to ^ Jo 

A interesting problem is how to extend the above formulation to the situation 
where ip is simply a G^-function. The main obstacle to treat this situation 
is that the notion of stopping times and the related properties have not yet 
been well-understood and studied within the framework of G-expectation and 
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G-Brownian motions. A difficulty hidden behind is that uttill now the the- 
ory is mainly based on the space of random variables X = X{uj) which are 
quasi-continuous with respect to the natural Choquet capacity c{A) :— E[I^], 
A e B{il.). It is not yet clear that the martingale properties still hold for ran- 
dom variables without quasi-continuous condition. On the other hand, stopping 
times are closely related to random variables without quasi-continuous proper- 
ties. Recently Gao [7] has improved the Ito's formula of Peng. But the problem 
of H]) for C^-function is still open. 

In this paper we will face this difficulty by introducing Ito's stochastic in- 
tegrals /g T]sdBs where, for each t, the integrand rjt needs not to be a quasi- 
continuous random variable. Within this framework we can treat a fundamen- 
tally important Ito's integral rjsdBs for a stopping time r and then obtain 
some important properties for the related stochastic calculus. A very general 
form of Ito's formula with respect to G-Brownian motion has been obtained. In 
particular ([T]) is proved to be true for </3 e C^. Many important and interest- 
ing problems still open under this new framework, e.g., under what condition 
Jp rjsdB is a martingale or a local martingale? 

This paper is organized as follows: In the next section we recall some basic 
notions an results of G-Brownian motion under a G-expectation and the related 
space of random variables. In Section 3 we introduce a new space M^(0,T) of 
stochastic processes which are not necessarily quasi-continuous and then define 
the related Ito's integral on this space. In Section 4 we discuss Ito's integral 
defined on [0,r] where r is a stopping time. This allows us to have a Ito's 
integral for a space larger that M^(0,r). Finally in Section 5, we prove the 
mentioned general form of Ito's formula. 

We believe that some notions and properties of this papper will become 
important and basic tools in the further development of G-Brownian motion 
and the corresponding nonlinear expectation analysis. 



2 Basic settings 

We present some preliminaries in the theory of sublinear expectations and the 
related G-Brownian motions. More details can be found in Peng [TS], [TB] and 



Definition 2.1 Let Q, be a given set and let H be a linear space of real valued 
functions defined on fl with c ^ % for all constants c, and \X\ G "H, if X CzH. 
% is considered as the space of our "random variables" . A sublinear expec- 
tation M on H is a functional E : H i-^ K satisfying the following properties: 
for all X,Y £ H, we have 

(a) Monotonicity: If X>Y then t[X] > t[Y]. 

(b) Constant preserving: ]E[c] = c. 

(c) Sub-additivity: t[X] - t\V] < E[X - ¥]. 

(d) Positive homogeneity: E[\X] = \t[X], VA > 0. 
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The triple {fljUjK) is called a sublinear expectation space. X (z H is called 
a random variable in {^1,%). We often call Y = (Yi,--- Yi ^ % a d- 

dimensional random vector in {^1,%). Let us consider a space of random vari- 
ables % satisfying: if Xi €z H, i = I, ■ ■ ■ ,d, then 

(^(Xi, ... ,Xd)€n, for all ip G Cb.Upi^''), 

where Cb.Lipi^'^) is the space of all bounded and Lipschitz continuous functions 
on M.'^. An m- dimensional random vector X = (Xi,-- - ,Xm) is said to be 
independent from another n-dimensional random vector Y = (Yi, • • • , y„) if 

E[^{X, Y)] = E[E[^{X, y)]y=Y], for ^ e Ct^upiR"' x M"). 

Let Xi and X2 be two n-dimensional random vectors defined respectively in sub- 
linear expectation spaces (r2i,?^i,IEi) and (r22,'H2,E2). They are called identi- 
cally distributed, denoted by Xi ^ X2, if 

Ei[(^(Xi)] = E2[(p(X2)], "i^ e Cfc.L,p(R"). 

If X , X are two m- dimensional random vectors in (ilj'HjE) and X is identically 
distributed with X and independent from X , then X is said to be an independent 
copy of X. 

Definition 2.2 (G-normal distribution) A d-dimensional random vector X = 
{Xi, . . ■ ,Xd) in a sublinear expectation space (r2,H,E) is called G-normal dis- 
tributed if for each a , b > we have 

aX + bX Va2 + b'^X, (2) 

where X is an independent copy of X . Here the letter G denotes the function 

G{A) := ^E[{AX,X)] : §d R. 

It is also proved in Peng \lb\ [7^ that, for each a G R'' and p G [1, 00) 

E[| (a, X) r] = J. r \x\^ exp f-J^) dx, 

where a'^^T — 2G(aa'^). 

Definition 2.3 A d-dimensional stochastic process (,t{uj) = {^l, ■ ■ ■ ,^f){uj) de- 
fined in a sublinear expectation space (flj'HjE) is a family of d-dimentional ran- 
dom vectors parametrized bytE [0, 00) such that Q G H, for each i — 1, - ■ • ,d 
and t G [0, 00). 

The most typical stochastic process in a sublinear expectation space is the 
so-called G-Brownian motion. 
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Definition 2.4 (ITS'] and fl8^ ) Let G : K &e a given monotonic and sub- 

linear function. A process {Bt{uj)}t>o in a sublinear expectation space (ri,H,IE) 
is called a G-Brownian motion if for each n g N and < ti,--- ,tn < 

oo, Bt^ , ■ ■ ■ J Bt^ £ % and the following properties are satisfied: 

(ii) For each t, s > 0, the increment Bt+s~Bt is independent to {Bt-^ , Bt^ , ■ • • , Bt^), 
for each n e N and < ti < ■ ■ ■ < tn < t; 

(in) Bf+s ~ Bt ^ ; for s,t>0, where X is G-normal distributed. 
We denote: 

Vt = Co(M^) the space of all M''- valued continuous functions {(j~>t)t&.+ : with 
Wo = 0, equipped with the distance 

oo 

B{Vl) denotes the a-algebra generated by all open sets. Let Q, — Co(M^) be the 
space of all M-valued continuous paths (wt)tgR+ with ujq — 0, equipped with the 
distance 



We denote by B{^) the Borel cr-algebra of Vl and by M the collection of all 
probability measure on {^,B{VL)). 

We also denote, for each t e [0, oo): 

• fif := {w.At : uj e Vt}, 

• Ft := B{nt), 

• L'^{il): the space of all ,B(f2)-measurable real functions, 

• L"(f2f ): the space of all S(i7t)-measurable real functions, 

• Bb{n): aU bounded elements in L°{n), Bb{nt)) := Bb{n) D L^i^t), 

• Cb(f2): all continuous elements in Bi,{ft); Cb{^t) '■— Bb{ft) n i'^(f2i). 

In |16[ 118 1 , a G-Brownian motion is constructed on a sublinear expectation 
sapce (f2, L^(0), E) for p > 1, with Lg(i7) such that L^(f2) is a Banach space 
under the natural norm \\X\\p := E[\X\P]^/P. In this space the corresponding 
canonical process Bt{uj) — ut, t G [0, cx)), for w £ 51 is a G-Brownian motion. 
Furthermore, it is proved in [4 that L"(r2) D Lg,(f2) D Gb(ll), and there exists 
a weakly compact family V of probability measures defined on (il,S(51)) such 
that 

t[X] = sup Ep[X], for X e Gb(ll). 
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We introduce the natural choquet capacity 

c{A) := supP(A), AeB{n). 

Pev 

The space L^(r2) was also intruduced independently in [3| in a quite different 
framework. 

Definition 2.5 A set A <Z ^ is polar if c{A) = 0. ^ property holds "quasi- 
surely'' (q.s.) if it holds outside a polar set. 

lfQ{Q) can be characterized as follows: 

Lq($1) — {X e L°(f2)| sup i?p[|X|''] < oo, and X is c-quasi surely continuous}. 

Pev 

We also denote, for p > 0, 

• CP := {X e L°{VL) : t[\X\P] = supp^^ Ep[\X\P] < oo}; 

• N'P := {X e L"{n) : E[\X\P] = 0}; 

• Af := {X € L°(0) : X = 0, c-quasi surely (q.s.).}It is seen that CP 
and AfP are linear spaces and A/p — Af, for each p > 0. We denote by 
jj> £P/J\f, As usual, we do not make the distinction between classes 
and their representatives. 

Now, we give the following two propositions which can be found in [3]. 

Proposition 2.6 For each {XnJ^^^i in Ct(ri) such that Xn 4-0 onH., we have 

iE[x„] ; 0. 

Proposition 2.7 We have 

1. For eachp > 1, is a Banach space under the norm := ^IE[|X|p]^ . 

2. is the completion of Bii{fl) under the Banach norm K[\X\pY/p . 

3. I/q is the completion ofCb{^). 
The following Proposition is obvious. 

Proposition 2.8 We have 

1. C LP C C U, LP^ C LP^ , < p < g < oo; 
2- m\A m\oo> for each X^l.'^; 
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5. p, g > 1, I + I = 1. Then X ehP andY e L"? implies 

XY e and E[\XY\] < {E[\X\p])^ iMYl'^])'^ 

Moreover X and Y eh^ implies XY e ; 

Proposition 2.9 For a given p e (0,+oo], let {Xn}^^i be a sequence in 
which converges to X in U' . Then there exists a subsequence {X^,.) which 
converges to X quasi-surely in the sense that it converges to X outside a polar 
set. 

We also have 

Proposition 2.10 For each p > 0, 

U^iXehP; lim E[\X\P^\x\>n}] = 0}. 

We introduce the foUowing properties. They are important in this paper: 

Proposition 2.11 For each < t < T , e lJ{ilt), we have 

E[e(BT - Bt)] = 0. 

Proof. Let P E V he given. If ^ G Cb{^t), then we have 

= -n-CiBT - Bt)] < Ep[S,{Bt - Bt)] < E[CiBT ~ Bt)] = 0. 

In the case when ^ e l^i^lt), we have i?p[|^p] < ]E[|^p] < oo. Since it is 
known that C&(r2t) is dense in Lp(nt), we then can choose a sequence {•CnlJ^i 
in Cb{^t) such that Ep^^ - ir,?] 0. Thus 

Epi^iBr - Bt)] = hm Ep[UBt - Bt)] = 0. 
The proof is complete. ■ 

Proposition 2.12 For each < t < T, ^ € Bb{^t), we have 

E[^'^{BT-Bt)^--a^f{T-t)]<0. (3) 
Proof. If ^ G Cb(f2t), then by [Peng], we have the following Ito's formula: 

eHBr - Bt)^ - {{Bt) - {Bt))] = 2 eBsdB,. 

It follows that E[^2(5^ _ - £,'^{{Bt) - {Bt))] = 0. On the other hand, we 
have {Bt) - {Bt) < a^{T - t), quasi surely. Thus © holds for ^ e Cb{nt). It 
follows that, for each fixed P £ V, we have 

Ep[e{BT - Bt)^ - e{{BT) ~ {Bt))] < 0. (4) 



6 



In the case when ^ € Bb{^t), we can find a sequence {£,n}'^=i in Cb{^t), such 
that ^„ — ^ in LP{n, Tt , P), for some p > 2. Thus we have 

EpiejBT - B^f - en{{BT) - {Bt))] < 0, 

and then, by letting n — ^ oo, obtain for ^ e Bi,{flt). Thus ([3]) foUows 
immediately for ^ S i3fc(f2t). ■ 

3 A generalized Ito's Integral 

For notational simplification, in the rest of the paper we only discuss 1-dimensional 
Brownian motion, i.e., d — 1. But all the results can be generalized to multi- 
dimensional situation. We refer to [TBI HI] for the corresponding techniques. 
For p > 1 and T £ R-(_ be fixed, we first consider the following simple type of 
processes: 

Af-l 

V7V > 0,0 = to < • • • < = G Bbint^),j = 0, • • • ,iV - 1}. 

Definition 3.1 For an rj e MbfiiO,T) with rjt = Z)^^^ 0('^)I[tj,tj+i)(*); 
related Bochner integral is 

T N-l 

/ ?7t(w)di = V £,j{uj){tj+i - tj). 
For each 77 e M{,,o(0,r) we set 




We can introduce a natural norm ||?7||a/p(o,t) = {^[/o^ I^P'^^]}"^^''- Under 
this norm, Mbfi{0,T) can be continuously extended to a Banach space. 

Definition 3.2 For each p > 1, we denote by M^(0,T) the completion of 
Mb.o{0,T) under the norm 

MM.io,T) = {nr ivtmY^p. 

Jo 

We have M^{0, T) D Af,«(0, T), for p < q. The following process 
is also in M^{0,T). 
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Definition 3.3 For each 77 G Mb^o(0,T) with the form 
we define Ito's integral 

T N-l 

I{r,)= / 77,di?, := -St,)- 

Lemma 3.4 The mapping I : M^((),T) — ^ L^(J7t) is a linear continuous map- 
ping and thus can be continuously extended to I : M'^{0,T) — > IJ^ITIt)- We 
have 

E[ ( f]sdB,] = 0, (5) 
Jo 

E[(/ 7^,dB,f]<a^E[f Tf^dt]. (6) 
Jo Jo 



Proof. We only need to prove ([5]) and From Proposition 12. Ill for eaclr j, 

mABt.^i - Bt,)] = n-^j{Bt,^, - St,)] = 0. 

Thus we have 



E[ r]sdBs]^E[ VsdBs+S.N^i{Bt^-Bt^_,)] 
Jo Jo 

/•tiv-i 

= E[ / T^sdBs] - • • • = nUBt, - Bt,)] = 0. 
Jo 

We now prove © , we first apply Proposition 12.111 to derive 

E[(^ iltdBtf] ' T^tdBt+^N-iiBt, - ] 

= n(^l" \{t)dB^ +eN-i{Bt.~Bt,_,f 

+ 2 (^^ " ' i^tdB^ ^N^i{Bt„ - Bt„_,)] 

= E[ ' T^tdBt^ + eN-iiBt. - St«- J'] 



N-l 

\2i 



= ---^E[Y,^f{Bu+.-Bu)' 



i=0 
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Then by Proposition l2.121 we have 
Thus 

nT N-i 

E[{ / rjtdBtf] = ^'(^*« - 

•^0 ^=0 
N-1 N-1 

i=0 1=0 
N-1 N-1 

< J2 EK,'(St,+, - B,^r ~ ^Ht{ti+i - t,)] + E[E ^'ef - U)] 

i=0 i=0 
N-1 T 



The following Proposition can be verified directly by the definition of Ito's 
integral with respect to G-Brownian motion. 

Proposition 3.5 Let ri,0 e M^{0,T), and let < s < r < t < T . Then we 
have 

1. rjudBu = riudBu + riudBu,q.s., 

2. J*{ariu + du)dBu = a rjudB^ + J* OudBu, where a e Bb{ils)- 
Proposition 3.6 For each rj e M^(0,r), we have 

E[ sup I / VsdBsl^] < 2a^E[ [ ifM- (7) 

0<t<T Jo Jo 

Proof. Since for each a S Bi,{Q,t), we have 

E[a rj,dBs]^0, 

thus, for each fixed P E V, the process rjgdBg is a P-martingale. it follows 
from the classical Doob's martingale inequality that 

£;p[ sup \[ TjsdBsl'^] <2Ep[\ [ TjsdBsl'^] <2w'^Ep[[ rj^ds] < 2a'^E[ [ ryfds]. 

0<t<T Jo Jo JO JO 

Thus holds. ■ 

Proposition 3.7 For any rj £ M^(0, T) and < t < T , J* rjsdBs is continuous 
in t quasi- surely. 
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Proof. The claim is true for rj S Mb^o(0,r) since {Bt)t>o is quasi-surely con- 
tinuous. In the case when 77 S M^(0, T), there exists 77" S Mb_o(0, T), such that 
Hlo (^'s - '^D^c?*] ^ 0. By Proposition [SH we have 

IE[ sup \ [ ivs- v:)dB,\''] < 2a^E[ C [r^s ~ O'ds] ^ 0. 

0<t<T Jo Jo 

This imphes that, quasi-surely, the sequence of processes Jq rj^dBs uniformly 

converges to rjsdBg on [0,T]. Thus J^rjgdBs is continuous in t quasi-surely. 
■ 

Wc have also the following 

Proposition 3.8 Let X e M^^^iQ x [0,T]) with p> 1 and e > 0. Then we 
have 



E 



\^t\''I{\Xt\>n}dt ->-0, as n->- 00. 



Proof. It is clear that X € i\f^(0,r). Moreover we have 



\Xt\''I{\X,\>n}dt< 



< 







E r \xt 


P+'dt 


Jo 








E / \Xt 


P+^dt 


Jo 





■T 

E / I 



{|^tl>«} 



dt 



E 



'''\Xt\Pdt 



0, 



as n — >■ cx). ■ 

Proposition 3.9 for each p>l and X e M|'(0,T) M;e /lawe 



hm E / [\Xt\PI{\x,\>n}]dt = Q. 



(8) 



Proof. For each X e M|'(0, T), we can find a sequence j^^^ in Mfc,o(0, T) 

such that E - 0. Let y„ = sup^eo,te[o,T] and 

= (X A 2/„) V (-y„). Since \X - < |X - we have E /(f [|Xf - 

x["'\p]dt — > 0. This also implies that for any sequence {«„} tending to 00, 

lim E / [|Xt~(XtAa„)V(-a„)r] =0. 
Jo 

Now we have for all n G N, 



E/ \Xt\PI{\xA>n}dt = ^ {\Xt\-n + n)PI^\xA>n}dt 
Jo Jo 

< (1V2P-1) (e r[(|Xt|-nf/||x,|>„}]di + n^'E f I{\x,\>n}dt 
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The first term of the right hand side tends to since 

E[/ {\Xt\-n)Pl^ix,\>n}dt]=E[[ \Xt-iXtA72)W{-n)\Pdt]^0. 
Jo Ja 

For the second term, since 
thus we have 

-E Ii\x,\>n}dt = Ej^ i\X\ - -Y^^x\>^^dt ^ 0. 
Consequently ^ holds true for X e M|'(0,T). ■ 

Corollary 3.10 For each -q e M^(0, T), let 7]" = (— n) V {rjs A n), then we have 
/q Ti'^dBs /o flsdBs in M^{0, T) for each t < T. 

Proposition 3.11 Let X € M^{0,T). Then for each e > 0, there exists 5 > 
such that for all rj G Mi,fl{0,T) satisfying E \r]t\dt < S and \r]t{Lu)\ < 1, we 
havetj^[\Xt\P\rjt\]dt<e. 

Proof. For each e > 0, by Proposition 13.91 there exists > such that 
E[J^ \X\PI^lx\>N}] < §■ Take S = ^j^. Then we have 

E r[\Xtnvt\]dt<t ^|X,n,7t|/^|x,|>^^}d^ + E r \Xtnvt\Iiix.i<N}dt 
Jo Jo Jo 

rT rT 



<t f \Xt\PI{ix,\>N}dt + NPE f \vt\dt<s. 
Jo Jo 



Lemma 3.12 If p > 1, X,ri £ MP{Q,T) such that 77 is bounded, then Xrj € 
MP{0,T). 

Proof. Let c > be such that |?7t(w)| < c, for u E ft, t E [0,T]. Then we have 
^ \VtXt\PI^^^^x,\>N}dt < cPE r \Xt\PI[^,x,\>N}dt 



Jo 



< cPE [ \Xt\PInx,i>i±}dt ^ 0, as iV 00. 
"'0 



It follows that the bounded {Y}"^^^ := {{-n) V (n A (?7X))},T=i is a Cauchy 
sequence in Af J (0, T). ■ 

Remark 3.13 It is easy to prove that ifr] E M^{0, T), then rj^dBs E M^{0, T). 
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4 Ito's integral with stopping times 

In this section we study Ito's integral on a interval [0, r], where t is a stopping 
time. Reader can see that, thanks to Propositions 13.91 13.111 and Lemma I3.12[ 
the techniques used in this section is very similar to the clasical situation. 

Definition 4.1 A stopping time r relative to the filtration {Tt) is a map on Q. 
with values in [0,T], such that for every t, 

{r<t}e Ft. 

Lemma 4.2 For each stopping time t, we have I[o ,-](-)X G Af|'(0,r), for each 



Proof. For the given stopping time r, let 



2n 
k=0 



Then we have 2 " > r„ — r > 0. It is clear that, for m > 



n. 



E / |/[0.r„] (t) " /[0.r„] {t)\dt<E [ \I[o.r„] (t) ~ l[0.r] it)\dt 

Jo Jo 

= IE[t„ - t] < 2-"T. 

It follows from Proposition 13.111 that For each r„ , it is easy to check that 
{/[o,r„]^}^=i is a Cauchy sequence in Af|'(0,r). Thus I[o,r]X G M|'(0,T). ■ 

Lemma 4.3 For each rj G Af* (0,T) and t he a stopping time, then 

/ risdBs = / I[o. T](s)risdBs, quasi-surely. (9) 
Jo Jo 



Proof. For each n G N, let 



k=l k=l 



where = fc2-"i, = [t^-^ < tAr < ifj, for k < 2", and = [r > i]. 

{■''nlJ^Li is a decreasing sequence of stopping times which converges q.s. to tAr. 
We first prove that 

^ TjsdB.^J^ (10) 
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But by Proposition 13.51 we have 

nt nt 2 

I rjsdBs = / risdBs ='S2T-a'' / VsdB^ 

J-r. -'E^ll^.t^ k=l ^-l^i 

2" 



k=l 
l-t 2 



"'0 ,„_-, 



k=l 

from which (fTO]) follows. We thus have 



/ r]sdBs= / I[o.r„](s)?7srf-Bs 
Jo Jo 



Observe that < r„ — r™ < r„ — i A r < 2 "i, for n < m, this with Proposition 
I3.11l it follows that I[o^7-„]'/ converges in M^{0, T) to I[o,TAt]^ and thus I[o,TAt]?y G 
M2(0,T). Consequently, 

lim / rjsdBs — I rjgdBs, quasi-surely 

"-^°°Jo Jo 

and ([5]) holds as well. ■ 

Definition 4.4 Letp > be fixed. A stochastic process (?7t)t>o withrjt G L'^(r2t) 
?s said to &e in MP(0,T) if there exists a sequence of increasing stopping times 
Wm}m=i! t T, quasi-surely, such that Tyljo^o-™] G Afji'(0,r) and 



"ds < CX3) = 1. 



Remark 4.5 /n f/ie rest o/ this paper the notation {o'm}m=i used to denote 
the sequence of the corresponding process rj € Af^(0, T). Let {Tm}m=i another 
sequence of increasing stopping times with t„i f T, quasi-surely. Then it is easy 
to check that ryljo cr^Arm] G M*{0,T) and am A Tm t quasi-surely. Thus we 
can as well use a„i t\Tm in the place of am- For example, when we consider two 
processes rj, fj G M*(0,T) with two sequences of stopping times {am}m=i o*^^ 
{am}m=i' '^^ may only use one sequence {am A am}m=i f'^'"' both rj and fj. 

Lemma 4.6 Let 77 e M^(0,T) be given and let 

Tn = inf{i > 0, / \ris\ds > n} A o-„. 
Jo 

Then rjI[Q .,.„] G Ml{0,T) and Jg I[o,t„] (s)'7sds and Jg I[o,t„] (s)'7sd (i?)^ are well- 
defined processes which are continuous on [0, T] quasi-surely. 
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The proof is similar to that of the following proposition. 

Proposition 4.7 let Tn = inf{t > 0, Jq \r]s\^ds > n} A ct„ and 0„ = {t„ = T}. 

Then ?7l[o^r„] G M^{0,T) and the stochastic process {J^ risdBs)te[o,T] is a well- 
defined quasi- surely continuous process defined on Q.. 

Proof. Since, for each n = 1,2,---, r]I[o,r„] € M^(0,T), so the Ito's integral 
/o \o,T„\{s)risdB s is well-defined. On the other hand, on the subset Q.n = {t„ = 
T} and for each m > n , we have = t„ = T. Thus 

lim Ia„ / r?sdBs = Ia„ / ^dSs = Iq„ / Iro,T-„](s)%rfBs, te[0,r]. 
io io io 

lim Iq„ / 7?srfBs = Io„ / VsdB,, t€[0,T] 
Jo Jo 

Thus on n„ the process {J^ r]sdBs)te[Q^T] wcU-dcfincd process which is con- 
tinuous in t quasi-surcly. Since 0„ ^ C il, with c{D,'') = 0. It follows 
(/o VsdBs)te[o,Tl can is a well-defined process which is continuous in t quasi- 
surely. ■ 

Corollary 4.8 We assume that G C^'^([0,oo) x E) and all first and second 
order derivatives of tp with respect to {t,x) are hounded. Let a,r],/3 G M^{0,T) 
and Xt = /o* asds + /„* r]sd{B)s + /g (SsdB^, t e [0, T]. Then, for each (p e C(M) 
and-feMP{0,T), ^{X)j e Mp{0,T). 

The proof is easy since {Xt)t>o is a quasi-surely continuous process. 

5 Ito's Formula 

Lemma 5.1 We assume that ip € C^(M") and all first and second order deriva- 
tives of ip with respect to x are bounded. Let X = {X^,-- ■ and 

XI = Xo+ f aids + f rf,d{B)s + f PldB,, i = l,--- ,n. 
Jo Jo Jo 

where a, (3, rj are bonded elements in M^(0, T). Then for each t> 0, we have 

v{Xt)-^{Xo)= [ dxMXuWBu + I dxMXu)aidu 
Jo Jo 

+ j\d,MXuK + ^dl,^^{X^)md{B)u- 

Here and in the rest of this paper we use the Einstein convention, i.e., the above 
repeated indices of i and j within one term imply the summation from 1 to n. 

The proof will be given in the appendix. 
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Lemma 5.2 Let ip G C^(R"') and its first and second derivatives are in Cb,Lip(M'^)- 
Let XI = + Sl<ds + Jl;r]ld{B), + J^^PldB,, where a,r] in Ml{0,T), 
/3 e M^{0, T). Then for each t>0, we have 

ifiiXt) - ifiiXo) ^ f d.,MXu)l3ldBu+ f d^MXu)ayu (11) 
Jo Jo 

+ j\d^MXuWu + ldl,^^{XuWu(3i]d{B)u. 

Proof. For simplicity, we only state for the case where n = 1. Let a*^'^\ 
and bounded processes such that, as fc — > oo, 

a^^) ^ a,??^^) ^ ?7 in MI{0,T) and p'^''^ /3, in M^{0,T) 

and let 

X^"^ ^Xo+ f ai'^'ds + /* vi'^diB), + f pi'^UB,. 
Jo Jo Jo 

Then we have 

lim IE[ sup \Xt~ X^t'"^\^]^0. 

k^oo 0<t<T 

We see that 

Jo Jo 

+ E [ ))/3t - dMXt)l3t\^dt 

Jo 

<CE |/3f^ -/Jtpdt 
Jo 

+ n f \l3t\'\dMX^t'^)-dMXt)\'dt]. 
Jo 

But we have supQ<i<7^ \dx(p{Xf''^) — dxip{Xt)\'^ < c and 

E[ / IdMXt''^) - dMXt)fdt ^ 0, as fc cx). 
Jo 

Thus we can apply Proposition 13.111 to prove that dx'p{X^'''>)f3^''^ — dxfiX)/] 
in M2(0,r). Similarly, dxip{X^'''>)a(''^ dxf{X)a, 9^(^(X('=))r;('=) ^ dxip{X)r] 
and ^ dl^ipiX)P'^ in Mi(0,T). But from the above lemma 

we have 

ra,^(x«)/3«dB„+ /*a,^(xW)a«d« 

Jo Jo 

+ IjOx^ixi'^^Wu^ + ^dlMxi'WJ-^fHByu. 

We then can pass to the limit on both sides of the above equality, as A; — ?> cx), 
to obtain ([TT|) . ■ 
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Lemma 5.3 Let X he given as the above lemma and let ip G C"'^'^([0, oo) x 
R") such that ^p, dtf, dxf and d^^if are bounded and uniformly continuous on 
[0,00) X M". Then we have 

ip{t,Xt)-piO,Xo)= [ dxMu,XuWBu+ I [dtp{u,Xu) + {dxM^u)<]du 
Jo Jo 

+ j\dxMXu)vi + \dl,^^{XyWi]d{BU. 

Proof. We can take {(pk}kLi such that, for each fc, cpk and all its first order and 
second order derivatives are in C^'^-p((— 00, 00) x M") and such that, as n — > 

cxD, (fin, dtipn, dx'Pn and d^^(pn converge respectively to ip, dtf, dx'p and d^^tp 
uniformly on [0,oo) x M. Wc then use the above Ito's formula to ipn{X^ ,Xt), 
with Yt = (XO, Xt), wiith X° = t: 

Vk{t, Xt) - ipk{0, Xo) = / dxi'Pkiu,Xu)l3ldBy,+ / [dtipk{u, Xu) + {dx^ipkiu, X^)' 
Jo Jo 

+ ^ [dx,M^,x^)ni + ^dl,.Mu,Xu)PlmB)u. 

It follows that, as fc ^ 00, we have uniformly 

\dxiy:>k{u,Xu) - dxM'u,Xu)\ 0, |5^.^^<pfe(u, X„) - 5^.^^<pfe(u, -> 0, 
\dt(pk{u,Xu) - dip{u,Xu)\ 0. 

We then can apply the above Lemma to (pk(t,Xt) — ipk(0,Xo) and pass to the 
limit as A; — )• 00 to obtain the desired reslut. ■ 

Theorem 5.4 Let if G C^''^{[0, 00) x R) and Xt=Xo + J* a^ds + 'nsd{B)s + 
J^PsdBs, where a,r] in M^{0,T) and l3 e M^{0,T). Then for each t > 0, we 
have 

ip{t,Xt)-ip{0,Xo)= I dxMu,Xu)l3idBy+ [ [dMu,Xy) + dxMu,Xu)ai]du 
Jo Jo 

+ J\d,Mn,XuK + ldl,.v{u,Xy)f3il3i]d{BU. 
Proof. We set, for A; = 1, 2, • • • , 

jt = \Xt-Xo\ + [ {M + \au\ + \Vu\)du 
Jo 

and Tk := inf {t > 0\jt > k} Aak- Let (pk be a C^'^-function on [0, 00) x M" such 
that ip, dtp, dxiP and d^.^.p are uniformly bounded and such that (pk = V, for 
\x\ <2k,tG [0,T]. It is clear that 

I[o,.,]/3eM2(0,T), I[o,,,]a, I[o,,,]7? e Mi(0, T) 



16 



and we have 

Jo Jo Jo 

We then can apply the above lemma to ipk{s, Xsat^), s € [0,t\ to obtam 



ip{t,XtATk) - ^iO,Xo) = I da:,ip{u,Xu)/3''^l[o^Tk]dBu + J [dtip{u, Xu) + d^.^piu, Xi,)a'^]I[o^rk]du 

[d..Mu,Xu)vlllO,r,] + ldl,Mu,XuWul3iI[o^rMB)u. 

Passing to the limit as fc — > oo and applying Corollary 14.81 we then obtain the 
desired result. ■ 

Example 5.5 For a given (p £ C^(R) we have 

ip{Bt) - ip{Bt,) ^ I ip^iBs)dBs + l f if^^{Bs)d{B)^. 

J to ^ Jo 

6 Appendix: Proof of Lemma 15.11 

The proof is of Lemma lS.ll is very similar to those of Lemma 46 and proposition 
48 in Peng [16] (see also [H]). We first consider the following simple case. 

Lemma 6.1 Let $ e C^{W') with 9^.$, d^^^,.^ G Ct.upi^'') for n,v = 
1, • • • ,n. Let s £ [0, T] be fixed and let X = {X^ , ■ ■ ■ , X")"^ be an n- dimensional 
process on [s,T] of the form 

XI - Xi + a^{t - s) + ri^rn, - (i?) J + f5^{Bt - B,), 



where, for j = 1, ■ ■ • ,n, , rj^ and are bounded elements in L^(r2s) and 
Xs = [Xl^--- is a given random vector in LKftg). Then we have, in 

<i>{Xt) - $(X,) = jy,,<!>{Xu)l3'dBu + ^ d,,<^{Xu)a^du (12) 

*[a,,<i>(x„)v + \dl.,MXu)P'P']d{B)^ . 

Proof. For each positive integer N we set S ^ {t — s)/N and take the partition 
<t] ={C,if,--- ,t%} = {s,s + 6r-- ,s + NS^t}. 
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Wc have 

N-l 

^Xt) - = J2 i^'^^t-) - HXt^)] (13) 



fc=0 



N-l 



^ — ' '■k+i '■k 

Z '' + 1 fc + l fc 



where 

K K-l-J. K K fc+1 /t fc + l k 

with 6*^. e [0, 1]. We have 

n\^j^\'] = mdl..MXt^+0kiXt.^^-x,.))~dl.,MXt-)] 

y. {XIn ~ XlN){Xlfj — X-',^)\^] 

k + 1 '-fc '■k + 1 'fc 

<cnx,.^^-X,«J]<C[6^ + 5\ 

where c is the Lipschitz constant of {d'^ij.j^}^ j^i and C is a constant indepen- 
dent of k. Thus 

N-l N-l 
k=n k=0 

The rest terms in the summation of the right side of (fT3| are + C/^ with 

N-l 



and 



fc=0 

+ 2[a'(^f+i - if ) + V((i3>t« , - {B)^. WiB,. ~ 

fc+1 h K-fi K 

We observe that, for each u G ,t^j^-^ 

N-l 



fe=0 

|2l 



= E[|9,,<i>(X„)-9,.$(X,«)|^ 
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where c is the Lipschitz constant of {dr^j^y'j^i and C is a constant indepen- 
dent of k. Thus '£k=o cl^^'^iXt^)i[t^,t^^^)i-) tends to d^j<i>{X.) in M^{0,T). 
Similarly, 

N-1 
fc=0 

Let iV — ^ cxo, from Lemma l4!6l Proposition 14.71 and Corollary 14.81 as well as the 
definitions of the integrations of dt, dBt and d {B)^ the limit of in L^flt) is 
just the right hand side of p^ . By the next Remark we also have — )• in 
We then have proved ■ 

Remark 6.2 /n t/ie proof of (i^ ^ in Ll{nt), we use the following estimates: 
for e A.4,o(0,T) mt/j = Ef=o'Cl[t~,t^^,)W' and = {t^, • • • 
such that limAT^oo /i(vrf ) = and EE^^V " ^k)] < for all N = 



^fc=o \^tk\ v'-fc+i '■fe 
1, 2, . . . , «;e W IE[| (if+i " ^ 0, and 



N-1 N-1 

fc=0 fc=0 

N-1 

fc=0 



k=0 

N-1 

< CE[J2 \^k\Ht^+i - tms),. - {B) 

fe=0 



fc=0 

as well as 

N-1 N-1 



/c=0 

<CE[Eief|V(tf+i-tr)^]->0 



fc=0 /c=0 

N-1 



k=0 
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and 

N-l 



k=0 

N-l 

fc=0 
N-l 



fc=0 



We now give the proof of Lemma 15.11 
Proof of Lemma 5.1. Let $ e C^iR") with 9^,$, 5^.^,$ e Cb.LipCM") 
for i, j — 1, • • • ,n. Let a^, {3^ and Ty-', j = 1, • • • ,n, be bounded processes in 
M^{0,T). We need to prove that 

^Xt) - = J' a,.$(X„)/3idB„ + J' (14) 

We first consider the case where a, i] and /3 are step processes of the form 

N-l 
fc=0 

From the above Lemma, it is clear that (|14p holds true. Now let 

Xl^''^Xi+ fai'^ds+ [\i'''d{B)^+ fK^'dB^, 
Jo Jo Jo 

where , rj^ and are uniformly bounded step processes that converge to 
a, rj and (3 in M^(0,r) as iV — > oo. From Lemma I5TT] 

) - $(Xf ) = /* d^MX^^m'^dB^ + (15) 



Since 
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where C is a constant independent of N. We then can prove that, in M^(0,T), 
We then can pass hmit in both sides of ([15]) to get (HH). ■ 
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